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A B S T R A C T

We investigate the centimeter-to-decimeter-scale particle size distribution and dynamics in the coma of Comet
73P/Schwassmann-Wachmann 3 using radar observations obtained shortly after the comet's disintegration in
May 2006. We derive the particle size distribution power-law index in the comae of fragments B and C using
radar cross sections and circular-polarization ratios observed at S and X bands (2.38 GHz and 8.56 GHz, re-
spectively), and show day-to-day changes in the number of contributing particles. We test three irregular particle
morphologies, but find that the particle shape plays a relatively minor role. The power-law indices from 4.0 to
4.8 and major-axis diameters up to about 30 cm provide the best fits to the radar observations, the values
depending on the particle shape and the observed radial velocity. A majority of the measured particle velocities
exceed the escape velocity of the nuclei.

1. Introduction

The first comet for which planetary radar observations gave evi-
dence of decimeter-scale particles in the coma was C/Iras-Araki-Alcock
in 1983 (Harmon et al., 1989). To date, centimeter-to-meter scale
particles have been detected in less than half of all radar-observed co-
mets but, when present, they can account for a significant fraction of
the mass loss (Harmon et al., 2004). One of the brightest comae that has
been detected using planetary radar is the coma of 73P/Schwassmann-
Wachmann 3.

73P is a periodic comet that was discovered by Arnold
Schwassmann and Arno Arthur Wachmann in 1930. 73P began to dis-
integrate in 1995 and broke further into several fragments in 2006
(Fig. 1) as a result of returning to the inner Solar System (Weaver et al.,
2006). We obtained observations of the largest fragments B and C using
the Arecibo Observatory's S-band radar system and the Goldstone Ob-
servatory's X-band radar system in May, 2006; fragment G was at-
tempted but not detected (Nolan et al., 2006). The diameter of fragment
B was estimated to be 400-800 m, and the diameter of fragment C
1–2 km (Howell et al., 2007).

The coma particle size distribution (PSD) follows a power-law
function: n(r) ∝ r−ν. For example, Reach et al. (2009) have determined

size distributions for large (10–100-m-scale) particles in the comae of
73P fragments B and C based on the cumulative luminosity distribution:
ν=1.84 for particles with flux<10mJy and ν=2.56 for particles
with flux>10mJy. Absolute particle size for 10mJy is not given but it
is roughly in the size scale of 50m.

For other comets, Mazets et al. (1986) show that the power-law
index ν spans the range from 1.5 to 3 as detected in situ in submicron-
and micron-sized dust particles in comet 1P/Halley. They also de-
monstrate the power-law index to increase with the particle size, e.g., to
3.4 in super-micron particles. Laboratory analysis of micron-sized cra-
ters in aluminum foil exposed in the vicinity of the nucleus of comet
81P/Wild 2 suggests a power-law index of ν=2.89 in its coma particles
in the size range from 0.1 μm to 10 μm (Price et al., 2010), which is
consistent with the findings by Mazets et al. (1986). Furthermore, the
Stardust findings in comet 81P/Wild 2 also suggest that the power-law
index increases with particle size (Tuzzolino et al., 2004). Hilchenbach
et al. (2016) find a power-law index ν=3.1 for coma grains from
14 μm to sub-millimeter scale for 67P/Churyumov-Gerasimenko, while
Kelley et al. (2008) report a value as large as ν=3.5 for grain sizes
from 1 to 100 μm. Studies based on Rosetta's Grain Impact Analyzer and
Dust Accumulator (GIADA) instrument and OSIRIS cameras report
ν=4 for dust particles greater than 1mm in the coma of 67P (Fulle
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et al., 2016b).
As Mazets et al. (1986) and Kelley et al. (2008) point out, a single

power-law size distribution may not represent the whole PSD of a co-
metary coma well, but it serves as a good approximation over a limited
range. The observed PSD can be different from the ejected PSD, as
primarily the large grains accumulate over time. In terms of radar,
which only detects the chunks of ice detached from the nucleus, there
may not be a significant difference between the observed and ejected
PSD, but it should be taken into account when considering the full size
distribution of the coma.

In this paper, we present numerical modeling of radar scattering of
large coma particles. We consider the particle size distribution, max-
imum particle size, and the particle shape. We selected the comet 73P/
Schwassmann-Wachmann 3 as an application to the modeling work,
because it is one of the few comets for which a coma has been detected
in both S-band and X-band radar observations. We show that multi-
wavelength observations are critical for constraining the coma particle
size distribution.

In Section 2, we review the basics of radar observations and present
the detected radar properties of 73P. In Section 3, we present the
methodology in detail, the parameters we chose for the numerical
modeling work, and show how the radar observables depend on their
physical parameters. In Section 4, we present the modeling results and
discuss how the coma particle size distribution and velocity change as a
function of distance from the nucleus and estimate the daily variation in
the number of contributing particles.

2. Observations

We observed 73P/Schwassmann-Wachmann 3 in a similar way as
other common radar observations of asteroids and comets: the radar
system transmits a powerful circularly polarized signal, and detects the
echo simultaneously in the same circular (SC) and the opposite circular
(OC) polarization as compared to the transmitted signal (Ostro, 1993).
Radar detection of a coma is determined by the abundance of particles
larger than the Rayleigh limit λ/2π (where λ is the wavelength). The
echo power in the OC polarization is typically 5–10 times stronger than
in the SC polarization (Harmon et al., 2004).

The planetary radar system at the Arecibo Observatory used the
305-m William E. Gordon radio telescope, transmit power of
670–868 kW, and a wavelength of 12.6 cm (2.38 GHz, S band), and at
the Goldstone Observatory a 70-m DSS-14 radio telescope, transmit
power of 425 kW and a wavelength of 3.55 cm (8.56 GHz, X band). For
further information on the technical capabilities of each system, see
Naidu et al. (2016).

The Doppler spectra measurements, often referred to as “continuous
wave” (CW), provide the radar cross section:

=σ π d P
G λ P

(4 ) ,rx

A tx

3 4

2 2 (1)

where d is the target's distance from the observer, Ptx and Prx are the
transmitted and received power, respectively, and GA is the telescope
gain, or 4π/λ2 times the effective aperture of the antenna (Ostro, 1993).

Fig. 1. The fragmented comet 73P as seen by optical observation in April 2006.
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The radar cross section in the SC polarization divided by that in the OC
polarization gives the polarization ratio:

=μ σ
σ

.C
SC

OC (2)

The systematic uncertainty is about 25% for the radar cross sections
and only about 5% for the circular polarization ratios as errors due to,
e.g., the antenna gain cancel out in the division.

We measure the Doppler shift with respect to the nucleus so that the
expected Doppler shift of the center of mass of the nucleus as given by
the ephemeris is zero. The nucleus is seen in the Doppler spectra as a
narrow peak with the coma seen as a broad “skirt” echo extending to
several hundreds of Hertz around the nucleus (Fig. 2). Although the
coma echo is much broader than the nucleus echo, it contributes less
than 10% of the total echo power. The observed Doppler bandwidth of
the nucleus is determined by the size and the spin period of the nucleus,
whereas the Doppler shift of the coma particles is primarily due to the
particle motion towards or away from the observer rather than their
rotation. The coma echoes for each day (nucleus removed) are dis-
played in Fig. 3, illustrating the change in the shape and strength of the
coma skirt echo as the Sun-comet-Earth geometry evolves.

The detected radar quantities of comae of fragments B and C are
listed in Table 1. Fragment C was observed before and after the day of
the closest Earth-approach, May 12, while all the detections of fragment
B are after this day and extend a few days beyond those of fragment C.
The observations of fragment C show an increasing trend of radar cross
sections in both the OC and SC polarizations as a function of time,
which implies increase in the number of large particles in the coma. In
contrast, fragment B shows a decreasing trend of the same parameters
during the days it was observed.

3. Numerical modeling

So far, only one space mission, Stardust, has returned a sample of
cometary dust on its visit to 81P/Wild 2 (Brownlee et al., 2006). These
particles, as well as the cometary dust particles collected by Rosetta's
COSIMA instrument (Langevin et al., 2016), and those in the Earth's
stratosphere by high-altitude airplanes (e.g., Busemann et al., 2009),
are typically less than a millimeter in size. Despite missions such as
Stardust or Rosetta, which have increased our understanding of comets
remarkably, there remains a question of how representative the few
sampled comets are out of the thousands, especially when we study in
situ only short-period comets. Numerical modeling of electromagnetic
scattering is a cost-effective way to study the physical properties of
nuclei as well as comae of both short- and long-period comets.

The radar echo of a target depends on three physical parameters of
the scattering particles: the electric permittivity, the shape, and the size
relative to the wavelength of the incident signal. In Section 3.1, we
describe three different particle shape categories considered in this

study, in Section 3.2, we address the selected range of sizes and size
distributions, and in Section 3.3, we discuss our assumptions for rea-
listic electric permittivities. In Section 3.4 we provide a detailed de-
scription of the methodology of how we derive the optimal power-law
index and maximum particle size from dual-wavelength observations.
The method has some similarities to that presented by Harmon et al.
(1989), but we use more realistic particle shapes and consider a wider
range of both power-law indices and particle sizes.

Also, we consider the what role the distance from the nucleus plays
in the coma particle properties. Howell et al. (2007) report a size-

Fig. 2. The Doppler spectrum (radar cross section density per Doppler frequency) of 73P/SW3-B on May 14, 2006, in the opposite circular (OC, black) and same
circular (SC, gray) polarization as observed using the S-band planetary radar system at the Arecibo Observatory (on the left) or the X-band planetary radar system at
the Goldstone Observatory (on the right), the nucleus included (the peak in the middle).

Fig. 3. The Doppler spectra of 73P/SW3-B (on the top) and 73P/SW3-C (on the
bottom) on each observation day in May 2006, as labeled in the image,
smoothed to 10 Hz and the nucleus removed, including a vertical offset based
on the observation date and a horizontal offset to center the Doppler shift of the
nucleus to 0 Hz. The OC polarization is displayed as black solid lines and the SC
polarization as gray dashed lines. All spectra in these panels are measured using
the Arecibo Observatory S-band planetary radar system.
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dependency of the particle velocities; smaller particles have greater
velocities than larger particles, which is also consistent with the ana-
lysis by Reach et al. (2009): The sublimation of volatiles (“rocket
forces”), solar radiation pressure, and gravitational forces can act as
accelerating forces, but the acceleration due to gas ejection and solar
radiation affect smaller particles more strongly, whereas the speed of
large particles is dominated by the ejection speed during fragmentation.
Therefore, the particle size distribution properties can be expected to
change as a function of distance from the nucleus.

3.1. Shape

The particle shape, surface roughness, and packing density can have
a significant impact on the circular polarization in the backscattering
direction (Zubko et al., 2007, 2008; Kemppinen et al., 2015; Virkki and
Muinonen, 2016). The morphology of micron-sized dust particles col-
lected by Stardust in comet 81P/Wild 2 or those detected by Rosetta's
GIADA and OSIRIS instruments should not necessarily appear in cen-
timeter- and decimeter-sized chunks. Because there is no physical evi-
dence of the morphology of the decimeter-scale particles, we consider it
critical to test different morphologies to provide a demonstration of the
role that the particle shape plays in radar scattering.

The most realistic morphologies are irregular but compact. For this
paper, we chose three different shape categories (Fig. 4). The first ca-
tegory are natural atmospheric dust (ND) particle shapes. Their surface

roughness is greater than that of the other selected morphologies,
which is useful for considering the effect of the particles' surface
roughness on the observed radar parameters. The shapes were labora-
tory-characterized using a scanning electron microscope as reported by
Lindqvist et al. (2014). This category only includes two particles as
detected in more than 2500 orientations. The small number of sample
particles could lead to scattering profile features that are specific to
certain geometric features of the particles but averaging the scattering
profile over a large number of orientations mitigates that risk.

As a second category, we utilize Gaussian-random-sphere (GRS)
particles (Muinonen et al., 1996; Zubko et al., 2007), which allow a fast
generation of relatively stochastic but compact shapes. We generated
100 test particles using a standard deviation of radius δ=0.245 and a
power-law index νcov= 4 for the covariance function that determines
the variance of the shape. For more details on light-scattering compu-
tations of GRS particles and verification of statistical reliability of the
obtained results, see Zubko et al. (2007).

For a third category, we chose agglomerated debris (AD) particles,
which are in appearance the least compact of the three categories, but
could be considered as compact smaller particles agglomerated to-
gether. A significant advantage of the agglomerated debris particles is
that in smaller size scales they are capable of reproducing the degree of
linear polarization and phase function over wide range of phase angles,
photometric and polarimetric color measured at visible wavelengths in
numerous comets (Zubko et al., 2016). AD particles are consistent with

Table 1
The observed radar scattering properties for the coma of 73P fragments B and C. The first column gives the designation of the fragment. The second column gives the
observation date in 2006. The third column designates the observatory (A for Arecibo, G for Goldstone). The fourth and fifth columns give the detected total radar
cross section in km2 in OC and SC polarization, respectively. The sixth column gives the total circular polarization ratio (Eq. (2)). The seventh and eighth columns
show the target's distance from the observer in astronomical units (note the different locations of the telescopes observing fragment B on May 14), and the Sun-target-
observer angle in degrees at 12:00 UT. Listed uncertainties include 1–4% of error based on noise statistics, the dominating systematic uncertainties of 25% for the
radar cross sections, and systematic uncertainties of 5% for the polarization ratios. May 12 for fragment B is omitted due to a larger systematic uncertainty.

Target Date Loc. σOC± δσOC σSC± δσSC μC± δμC d (au) S-T-O (°)

C May 06 A 0.196± 0.049 0.017± 0.005 0.085±0.018 0.0937 64.809
C May 07 A 0.283± 0.071 0.014± 0.007 0.050±0.023 0.0893 68.090
C May 11 A 0.193± 0.048 0.017± 0.005 0.090±0.015 0.0790 83.525
C May 12 A 0.210± 0.053 0.021± 0.006 0.101±0.012 0.0786 87.597
C May 13 A 0.204± 0.051 0.015± 0.004 0.074±0.012 0.0791 91.526
C May 14 A 0.206± 0.052 0.019± 0.005 0.094±0.014 0.0806 95.193
C May 15 A 0.251± 0.063 0.017± 0.005 0.069±0.015 0.0829 98.501
C May 17 A 0.262± 0.066 0.027± 0.007 0.104±0.015 0.0899 103.825
B May 13 A 0.309± 0.077 0.025± 0.007 0.079±0.010 0.0672 88.245
B May 14 A 0.272± 0.068 0.023± 0.006 0.084±0.004 0.0669 92.918
B May 14 G 0.309± 0.078 0.086± 0.026 0.279±0.052 0.0669 92.941
B May 15 A 0.296± 0.074 0.022± 0.006 0.074±0.010 0.0677 97.350
B May 17 A 0.249± 0.062 0.024± 0.006 0.097±0.010 0.0722 104.840
B May 20 A 0.214± 0.054 0.022± 0.007 0.101±0.018 0.0849 111.706
B May 21 A 0.155± 0.039 0.017± 0.006 0.112±0.027 0.0904 112.930

Fig. 4. Examples of the model particles: On the left, a natural dust (ND) particle, in the middle, a Gaussian-random-sphere (GRS) particle, and on the right, an
agglomerated debris (AD) particle.
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literature on cometary micron-sized dust, and it is possible that the
chunks detached from the nucleus could preserve their relatively high
bulk material density, 0.6–1 g/cm3. In this work we average light-
scattering response over a minimum of 500 different shapes of the AD
particles with an average packing density of 0.236. More details on the
generation algorithm for the AD particles, and numerical simulation of
their light-scattering response can be found, e.g., in Zubko et al. (2015).

We utilize a discrete-dipole approximation code ADDA (Yurkin and
Hoekstra, 2011) to compute the light-scattering properties of the ND
particles, and a code developed by Zubko et al. (2010) for the light-
scattering properties of the GRS and AD particles. We average the
scattering properties of each test particle category either over different
orientations or different particle realizations as summarized in Table 2.

3.2. Size distribution

We test different particle size distributions using truncated power-
law distributions (n(x) ∝ x−ν) with indices from ν=2.5 to ν=5.5.
Scattering properties depend on a scatterer's size relative to the incident
wavelength. Therefore, instead of the absolute size, we utilize size
parameters x= kr, where the wave number k=2π/λ and r is the radius
of a volume-equivalent (subscript “ve”) or circumscribing (subscript
“cs”) sphere. Our range of size parameters extends from xcs,min= 0.5 up
to xcs,max= 15 with equal step sizes of Δxcs = 0.5. In order to balance
the choice between a sufficiently fine step size for the size parameters
but also saving computation time, we interpolate some of the scat-
tering-matrix element values when using larger size parameters. The
size limits convert to rcs,min= 1 cm and rcs,max= 30 cm using
λ=12.6 cm, and rcs,min= 0.28 cm and rcs,max= 8.45 cm using
λ=3.55 cm, respectively. The factor xcs/xve depends on the particle
shape; it is 0.610 for ND particles, 0.518 for GRS particles, and 0.612
for AD particles.

We note that the minimum and maximum particle size do not re-
present physical limits of particle sizes in the coma but the range of
particle sizes to which radar wavelengths are the most sensitive. In the
case of 73P, there is likely a moderate number of fragments that are
larger than the S-band wavelength. However, the ability of the S- and X-
band radar measurements to distinguish very large particle sizes is
limited to a certain level that appears as a saturation level when ana-
lyzing the change of scattering properties as a function of size para-
meter (see Section 3.4).

3.3. Material

In situ measurements of comets have shown that surfaces of large,
intact comets such as 1P/Halley, 19P/Borrelly, and 67P/Churyumov-
Gerasimenko do not have a significant abundance of visible water ice
on the surface (Belton, 2010; Capaccioni et al., 2015). The mass ratio of
refractory materials to volatiles in the near-surface of the nucleus is
currently estimated to be about 3–6 around perihelion (Fulle et al.,
2010, 2016b; Rotundi et al., 2015).

Villanueva et al. (2006) investigated the composition of fragments C
and B in early April of 2006 at IR wavelengths using high-dispersion
echelle spectroscopy. Both fragments were depleted in ethane, and

fragment C was depleted in most forms of volatile carbon. Fragment C
showed a severe depletion of CH3OH but a common abundance of HCN.
Dello Russo et al. (2007) also report depletion of all measured volatile
species in respect to H2O, except for HCN. Therefore, the fraction of
refractory materials to volatiles could be higher on both fragments than
in comets in average.

Warren (2008) report a constant real part of relative refractive
index (Re(mr)) of 1.7861 for solid water ice at −7 °C at wavelengths
from 5mm to 2m. The imaginary part (directly related to the con-
duction and therefore absorption properties) decreases from
3.574×10−4 at 1.9-cm wavelength (15.78 GHz) to 0.936×10−4 at
14-cm wavelengths (2.14 GHz). Campbell and Ulrichs (1969) report
electric permittivities at 450MHz and 35 GHz for several rocks and
minerals collected from various locations on Earth, which provides us
with constraints to possible refractive properties of refractory (non-
volatile) materials that could appear in comets. Rhyolitic or semi-
welded tuff and volcanic ashes have Re(mr) from 1.6 to 1.9, which are
comparable to that of solid ice. Peridotites and obsidian have Re(mr)
ranging from 2.3 to 2.7, and basalts from 2.6 to 3.1. Based on results
reported by Fulle et al. (2016a), centimeter-scale pebbles in the co-
metary comae have porosities of about 52%. Porosity can decrease the
effective refractive index critically. Campbell and Ulrichs (1969) also
show that in powdered form most rocks and minerals have Re(mr) of
1.4. Therefore, different mixes of ice and refractory materials with a
porosity of 40–60% can lead to a number of possible effective refractive
indices.

Brouet et al. (2015) have conducted extensive laboratory mea-
surements of the electric permittivity of cometary material at micro-
wave and radio frequencies (90MHz–190 GHz). They demonstrate how
temperature, porosity, and impurities in the ice affect the refractive
index so that the porosity has an inverse correlation with both parts of
the refractive index, whereas temperature and volume fraction of non-
volatiles have a positive correlation. Typical real parts of the electric
permittivities for ice-free dust mantle with a porosity of 50% in a
temperature of 113 K vary from 2.39 (Re(mr)= 1.55, 90MHz) to about
3.16 (Re(mr)= 1.78, 190 GHz, interpolated from the reported values),
and the imaginary part has an upper limit of 0.035 (Im(mr)= 0.01,
190 GHz). With varying dust-to-ice ratio (D/I), at a temperature of
110 K, a porosity of 50%, and using frequency of 90MHz, the real parts
of the electric permittivities vary from 2.13 (mr=1.46, D/I= 0.1) to
2.34 (mr=1.53, D/I= 1.5). The imaginary part is not reported.

In this paper, we use an effective refractive index of
mr=1.78+ 0.001i, which would be equivalent to, e.g., a refractive
index of 2.43+0.002i for “dust”, and a refractive index of
1.786+0.0001i for ice, D/I = 5, and a porosity of 40%. Using a
porosity of 52%, the refractive index of the dust would be
2.83+0.003i. The refractive index of the dust depends on its packing
density, which we cannot know for certain. However, knowing the
exact physical parameters is not critical to the results. Fig. 5 illustrates
that μC is not very sensitive to small differences in the refractive index;
in this case we compare the μC of ND particle using mr=1.85+0.007i
to that computed using mr=1.78+0.001i and find differences in μC
up to 10%. See further details on how we computed the data in the
graph in Section 3.4.

3.4. Search for optimal PSD parameters

In order to model the radar cross section density or the circular-
polarization ratio as a function of Doppler shift (Δf), we fit an ex-
ponential function to the measured Doppler spectra in each polarization
as shown in Fig. 6 to derive the circular-polarization ratio:

= =−μ f K
K

e K e(Δ ) .C
Q Q f Q fSC

OC

( )Δ
1

ΔSC OC 1
(3)

where K1=KSC/KOC and Q1=QSC−QOC. Note that the model para-
meters are different on each side of the nucleus. On the left side

Table 2
A summary of the sample particle parameters. The first column shows the
particle type, the second column shows the number of particles of each type,
and the third column gives the number of orientation over which the scattering
by each particle type was considered.

Particle Sample size Orientations

ND 2 2592
GRS 100 5–6
AD 500 1
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(negative Doppler shift), K1= 0.17 and Q1= 0.051 using S band and
K1= 0.35 and Q1= 0.015 using X band, while on the right side (po-
sitive Doppler shift), K1= 0.16 and Q1=−0.0086 using S band and
K1= 0.26 and Q1=−0.0021 using X band.

Once we have an empirical model for the circular polarization ratios
as a function of Doppler shift for both S- and X-band observations, we
can begin to search for the optimal maximum particle sizes and PSD
power-law indices at each different Doppler shift value. We conduct this
modeling in two steps: 1. Generating the simulated data of single-par-
ticle scattering properties, and 2. deriving empirical equations to model
the simulated data from step 1 for further use.

For the first step, we simulate single scattering by irregular particles
using discrete-dipole approximation codes (Draine and Flatau, 1994;
Zubko et al., 2007; Yurkin and Hoekstra, 2011), which have been de-
veloped specifically for this purpose. The codes compute a 4×4 scat-
tering matrix, F(θ) (where the scattering angle θ is the angle between
the direction of propagation of the incident signal and the observer),
and scattering and absorption cross sections that can be utilized to
derive the desired radar scattering properties (Bohren and Huffman,
1983). Here we only consider the scattering matrix in the back-
scattering direction, F(180°), which is the only relevant direction in

monostatic radar measurements.
We derive a weighted average for each radar quantity to account for

the size distribution using the following equations:

⟨ ⟩ =
∑ −

∑
σ π

k
F x F x n x

n x
2 ( ( ) ( )) ( )

( )
,OC 2

xmin
xmax

11 44

xmin
xmax

(4)
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∑ +

∑
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.C
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For the second step, we fit an exponential model to the simulated
circular-polarization ratios of the particles as a function of the max-
imum particle size:

= −μ r C C kr( ) [1 exp ( ( ) )].C
C

max 1 2 max 3 (7)

The parameters C1, C2, and C3 depend on the particle morphology,
particle material, and the PSD power-law index. We determined this
function to be the most convenient model for interpolating between the
computed values of μ r( )C max . Because the nature of the function is, in
fact, cumulative, more complex functions could model μ r( )C max more
accurately. However, this simplified equation is sufficient for the scope
of this paper.

Fig. 7 shows the role that the maximum particle size and the power-
law index play in the simulated data. This shows that an ambiguity
exists between the maximum particle size and the power-law index in
terms of interpreting the circular-polarization ratio correctly; for ex-
ample, μC=0.1 can result from various combinations of ν and rmax .
Therefore observations at two different wavelengths are critical to pin
down both parameters.

We search for the minimum difference between the observational
and simulated models simultaneously at two wavelengths, only chan-
ging k to determine the wavelength. We discretize the observational
model to 60 steps at both positive and negative Doppler shifts, begin-
ning from −120 Hz and ending at 180 Hz, which we considered the
range of main interest based on the Doppler spectra. At each step, we
search for the optimal maximum particle size from 1 to 20 cm with a
step size of 2mm and an optimal power-law index from 2.51 to 5.50
with a step size of 0.01. Once we find the best-fitting values, we use the
corresponding radar cross sections (simulated ⟨σeff⟩ and observed σobs)
to compute further physical parameters of the coma, such as an esti-
mate of the number of contributing particles:

=
⟨ ⟩N σ
σ

.p
eff

obs (8)

Fig. 8 illustrates how a specific pair of measured S- and X-band
circular-polarization ratios give the maximum particle size and the PSD
power-law index, here, using the total circular polarization ratios for
fragment B on May 14 as an example pair of values. Using AD particles,
the optimal ν=4.38±0.05 and the optimal rcs,max= 21.8±0.2 cm
when μC=0.309 in X-band observations and 0.272 in S-band ob-
servations with an uncertainty of about 5% for the polarization ratios.
Change in the observed μC suggests change in either one or both of the
maximum particle size and the PSD power-law index. If only the
number of particles changes as a function of distance, then μC would
remain constant.

4. The inferred properties of the coma

4.1. The size distribution as a function of Doppler shift

Fig. 9 illustrates how rcs,max and ν vary as functions of the Doppler
shift. The modest increase of ν(Δf) and steep decrease of r(Δf) near
Δf=0 Hz implies decrease of relative fraction of large particles. On

Fig. 5. Comparison between the circular polarization ratios as a function of
maximum particle size computed using ND particles with mr=1.78+0.001i
(mat. 1) or mr=1.85+ 0.007i (mat. 2) demonstrates the modest effect of
choosing a slightly different refractive index.

Fig. 6. The radar cross section densities in the OC (thick lines) and SC polar-
izations (thin lines) as functions of Doppler shift using S-band (black lines) and
X-band measurements (gray lines) with fitted models (dashed red and green
lines, respectively) that follow Kpp exp(QppΔf), where the subscript pp refers to
either the OC or the SC polarization as relevant. The X-band Doppler spectrum
has been scaled to equal the frequency channel width and the wavelength of the
S-band Doppler spectrum. (For interpretation of the references to color in this
figure legend, the reader is referred to the web version of this article.)
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May 14th, the Sun-target-observer angle of fragment B is about 93°,
which orients the direction of the solar radiation pressure to a nearly
right angle to the line of sight. Therefore, we would not expect much
difference between the measured radial velocities of particles on the
sunward and the tailward sides. However, ν(Δf) shows very different
profiles for positive and negative Doppler shift values, which might be
caused by noise in the data distorting the observation model on one side
by chance or, in fact, reveal clues to the coma PSD on the different sides
of the nucleus. The saw edge profile at the lowest Doppler shift values is
caused by the boundaries that we set for the range of power-law indices
to be tested, but also by the fact that the observed circular-polarization
ratios at S band approach zero, which can make the interpretation of
the values ambiguous.

There is little difference between the maximum particle sizes de-
rived for the different particle morphologies: For the ND particles
rcs,max= 14.4 cm, for the GRS particles rcs,max= 15.0 cm, and for the
AD particles rcs,max= 14.5 cm. The difference of the ND particles and
the other two morphologies could be caused by different averaging over
sizes and orientations, or the effect of particles' surface roughness on

the polarization ratio, which is utilized to derive the particle size.
Differences between the codes that compute the scattering properties of
the particles are an unlikely cause, because both codes that we use have
been validated (Zubko et al., 2007).

The weak dependence of the circular polarization ratio to the
morphology, when a wide range of particle sizes is considered, is fur-
ther confirmed by comparative analysis between our work and results
from related work by Dogra et al. (2017) using another type of compact
irregularly shaped particles, the so-called random Gaussian field par-
ticles. The power-law index is greater than the majority of literature
estimates for micrometer-scale grains of comets, as reviewed in the
Introduction. This supports the assumption that one power-law index
does not cover the full PSD from the micron-scale to meter-scale par-
ticles, and the power-law index is higher for centimeter-to-decimeter-
scale particles.

4.2. The volume of contributing particles

A proper understanding of the particle size distribution can also

Fig. 7. The effective circular polarization ratio as a function of different power-law size distributions (on the left) or different maximum particle-size parameters (on
the right) when using ND (on the top), GRS (in the middle), or AD particles (on the bottom).
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help us to derive the volume of the large particles contributing to the
radar echo. This study alone is not sufficient to reliably estimate the
mass loss rate due to the limitations of particle sizes that radar wave-
lengths are able to detect. Estimation of the PSD power-law index and
number of sub-cm particles will require other methods. Also, because
the solar radiation pressure has a greater effect on the smaller particles
than the larger particles, there exists a non-zero probability that the
large particles fall back on the nucleus. We can, however, estimate the
number of large particles in the coma with a specific average velocity
and evaluate them relative to the comet's escape velocity.

Table 3 lists the number of contributing particles (within the de-
fined size and Doppler shift ranges) estimated for selected observation
days. The uncertainty of the observed radar cross sections, which is
estimated to be 25% for systematic errors, should be considered in these
estimates, because the listed values are directly proportional to the
observed radar cross sections. Also, as we underline in this paper, one
wavelength cannot fully constrain all PSD parameters due to the am-
biguity between the particle size range and distribution form (power-
law index). Therefore, if observations at only one wavelength are
available, we assume a constant PSD power-law index and the

maximum particle size based on the day with observations at both S and
X band (May 14) and let the number of particles vary.

The total volume of the contributing particles depends strongly on
how rve,min is determined. As discussed by Harmon et al. (1989, 2004)
and Campbell et al. (1989), the effective particle size should be at least
a few millimeters. Here, we define rve,min to be the smallest simulated
particle size minus one half of the size parameter step size of each PSD,
that is, about 3mm. This gives an expected particle size

=
−

−

−

−

− −

− −
E r ν

ν
r r
r r

( ) 1
2

,
ν ν

ν νve
ve,min
2

ve,max
2

ve,min
1

ve,max
1 (9)

which would result in numerical values from 3.7 to 5.2 mm depending
on the particle morphology and the Doppler shift. Using the particle
volumes derived from the expected radii and the total number of con-
tributing particles at each considered Doppler shift channel, we can
derive a total volume equal to that of a cube with each side of 14–17m.
The number is quite large relative to the sizes of the nuclei, but sensible
considering the fracturing state of the comet. However, we stress that it
is speculative in terms of the expected particle size, which is why we
only present general estimates rather than day-to-day values. Particles
that are smaller than 3mm can constitute a significant fraction of the
mass loss. However, we cannot obtain sufficient information on them
based on radar observations.

The total mass (M) also depends on the assumed particle density (ρ):
=M ρN V ,p exp (10)

Fig. 8. An example of finding the maximum particle size (spotted vertical line)
using the observed total circular-polarization ratios at S-band and X-band for
fragment B on May 14th (spotted horizontal lines): If the observed μC=0.309
using X band and μC=0.272 using S band, the optimal ν=4.38± 0.05 and the
optimal rcs,max= (21.8± 0.2) cm. The markers show the simulated circular-
polarization ratios using AD particles, and the dashed lines are the fitted curves
for each set (black for S band, gray for X band, Eq. (7)).

Fig. 9. On the top left, the circular polarization ratio
(the black line depicting S-band measurements and
the gray line X-band measurements); on the top
right, the maximum particle radius; on the bottom
left, the PSD power-law index; and on the bottom
right, the number of particles, each as a function of
Doppler shift for fragment B on May 14th derived
from the dual-wavelength radar observations.

Table 3
Estimates of the numbers of contributing particles in the comae of Comet 73P
fragments B and C (column 1) for selected days in May 2006 (column 2) si-
mulated using ND particles, GRS particles, or AD particles, respectively (column
3).

Fragm. Date Np (1010, ND | GRS | AD)

B May 13 5.79 | 8.20 | 4.20
B May 14 5.17 | 7.34 | 3.75
B May 15 5.60 | 7.95 | 4.07
B May 17 4.65 | 6.60 | 3.40
B May 20 4.04 | 5.74 | 2.95
C May 07 6.03 | 8.50 | 4.15
C May 11 3.77 | 5.33 | 2.68
C May 12 4.05 | 5.73 | 2.90
C May 13 3.82 | 5.41 | 2.77
C May 15 4.77 | 6.75 | 3.45
C May 17 4.90 | 6.95 | 3.58
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where Vr,exp is the volume of a particle with an expected size. The
average density of the coma particles is assumed to be approximately
600 kg/m3. Pätzold et al. (2016) report an average density of
533 ± 6 kg/m3 for 67P/Churyumov-Gerasimenko based on measure-
ments by the Rosetta spacecraft, but especially in the case of a frag-
mented nucleus, the bulk density of fragmented particles is to some
extent higher than the total density of a multi-kilometer-size nucleus
due to a lower number of macropores. Here, the mass derived from the
total volume varies from 4×106 to 30×106 kg depending on the day
and particle type.

Another notable issue that could affect the speculated number of
contributing particles are the particles traveling in the direction per-
pendicular to the line of sight. When the phase angle of the comet is
approximately 90°, solar radiation pressure could align particle pro-
pagation so that their radial velocity as detected from the Earth is near
0°, which corresponds to Doppler shift of 0 Hz. Accumulation of echo
power by the coma particles at 0 Hz can become indistinguishable from
the echo of the nucleus. However, we do not see a significant decrease
or shift in the shape of the Doppler spectrum of the coma as the phase
angle approaches 90° on May 13 (as shown in Fig. 3 and Table 1), which
is consistent with the analysis of Reach et al. (2009) on the modest role
that the solar radiation pressure plays in the velocities of large particles
compared to the role of the ejection speed due to fragmentation.

4.3. Escaping particles

How significant fraction of the large particles are likely to escape
the nucleus? Instead of Doppler shift, we could use the relative radial
velocity of the particles with respect to the Earth:

=v
λ fΔ

2
.r (11)

For example, if the nucleus is centered at Δf=0Hz, the radial velocity
of the particles relative to that of the nucleus would be 6.3m/s at
100 Hz using S band. However, we prefer to use Doppler shift here in
order to avoid confusion with absolute particle velocities.

The escape velocity on the surface of the nucleus is

=v
πR Gρ8

3
,e

n
2

(12)

where Rn is the sphere-equivalent radius of the nucleus (estimated here
to be 400m for fragment B and 1000m for fragment C), G is the
gravitational constant, and ρ is the density. Using Eq. (11) and
λ=0.126m, the surface escape velocity corresponds to Doppler shifts
of 4.2 Hz for fragment B and 10.6 Hz for fragment C. The Doppler shift
follows from the radial component of a particle's velocity vector, and
therefore the particle's velocity can be greater than the Doppler shift
suggests. If the observed Doppler shift of a particle is greater than the
escape velocity, it escapes the nucleus with a very high probability. This
shows that although there is likely a small fraction of particles that
might fall back onto the nucleus, the majority of the large coma par-
ticles drift away with velocities that are greater than the escape velo-
city.

4.4. On multiple scattering

For simplicity, we only consider single scattering in all our com-
putations. However, the abundance of multiple scattering between the
particles in the coma is worth discussing, because multiple scattering
increases especially the echo power in the SC polarization as opposed to
single scattering. We can compute an estimate of the number fraction
occupied by the contributing large coma particles using Np and the total
volume of the coma (Vcoma):

=f
N

VV
p

coma (13)

If we estimate the contributing particles to be located within a 5-km
radius from the nucleus during the time of the observation, we find an
average number fraction of 0.1 particles per m3. This strongly supports
the negligible amount of multiple scattering between the centimeter-to-
decimeter-scale particles. Multiple scattering is most likely very near
the nucleus where the particle density is greatest. However, any po-
tential second-order scattering in that region likely contributes only to a
negligible fraction of the measured total echo power.

5. Conclusions

We present a new method to study the particle size distribution and
size range of centimeter-to-decimeter-scale coma particles using dual-
wavelength radar observations. As an example case, we use radar ob-
servations of the comae of fragments B and C of Comet 73P/
Schwassmann-Wachmann 3, although the method can be utilized to
analyze any comet with a radar-detectable echo.

Our results are fairly consistent with the existing literature on coma
particle size distributions: The PSD power-law index is long known
from in situ studies of stable short-period comets to be steeper for large
chunks than small grains, and comet 73P presumably obeys the same
trend despite its actively occurring disintegration. We find that using
dual-wavelength radar observations, power-law indices from 4.0 to 4.8
fit to the observed polarization ratios, the value depending on the
particle shape and distance from the nucleus. The particle sizes follow
this size distribution from approximately mm-scale up to major-axis
diameters of approximately 30 cm. We find a more modest rate of
change of the PSD power-law index as a function of Doppler shift at
positive Doppler shift values than at negative Doppler shift values, in-
dicating different coma dynamics on sunward and tailward sides of the
nucleus.

The observed circular polarization ratio as a function of Doppler
shift reveals that particle sizes increase progressively closer to the nu-
cleus. The difference between the maximum particle sizes derived using
different particle morphologies is relatively small despite the noticeable
difference in their appearance (radii 14.5–17.8 cm). Therefore, we can
conclude that the shape does not play a very critical role, as long as a
wide range of sizes is included and the model particles have non-
spherical morphologies.

We also confirm earlier findings by Howell et al. (2007) that the
particle number density decreases as the Doppler shift increases. This
shows that the observed particle velocity increase is directly propor-
tional to the distance from the nucleus, which supports the results by,
e.g., Reach et al. (2009) that smaller particles get accelerated by forces
such as the solar radiation pressure and rocket forces caused by ice
sublimation, whereas major fragments are dominated by the ejection
speed from the fragmentation process. Regardless of the small role of
accelerating forces, we show that even the cm-to-dm-scale particles are
more likely to escape the nucleus than to fall back.
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